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Abstract: The generahzed hypergeometric function qFp is a power series in which the ratio of 
successive terms is a rational function of the summation index. The Gaussian hypergeometric 
functions 2-^1 and 3F2 are most common special cases of the generalized hypergeometric function 
qFp. The Appell hypergeometric functions Fq, q = 1,2,3,4 are product of two hypergeometric 
functions 2F1 that appear in many areas of mathematical physics. Here, we are interested in the 
Appell hypergeometric function F2 which is known to have a double integral representation. As 
- - - demonstrated by Opps, Saad, and Srivastava (J. Math. Anal. Appl. 302 (2005) 180-195), the 

00 ' double integral representation of F2 can be reduced to a single integral that can be easily evaluated 

, for certain values of the parameters in terms of 2F1 and 3-F2. Using many of the reduction formulas 

of 2F1 and 3_F2 and the representation of F2 in terms of a single integral, we have begun to tabulate 
new reduction formulas for F2. 
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O PACS: Primary 33C65, 33C05, 33D15, 33D60; Secondary 33B15, 33C20, 33D90. 
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I. INTRODUCTION 



Appell h ype rgeometric functions Fd,D — 1,2,3,4 play an important role in mathematical physics ([H-0, 0, 0- 
0, [IHj [iSl)- In particular, the A ppe ll hypergeometric series F2 arises frequently in various physical and chemical 
applications ([1], ^ to [2^, [28| to [35| ). The exact solution of number of problems in quantum mechanics has been 
^f-^ ] given ^] in terms of Appell's function F2. It is defined by [[3l|, p. 211, Equation (8.1.4)]: 

F^ja a, a^-B, d^- x y) = V V {c^U+n{aiU{a2)n , . 

(N 

^ for + |y| < 1; (ij G C\Zq ; Zq :— {0, —1, —2, . . .}, and (A)fc denotes the Pochhammer symbol defined, in terms of 
^\ Gamma functions, by 

S' _ r(A + fc) _ f 1 if (fc ^ 0; A G C\{0}) 

r(A) \ A(A + l)(A-t-2)...(A + fc-l) if (fceN;AeC) 

^ ■ where N being the set of positive integers. Further, it also has the following double integral representation [[3l|. p. 
\ 214, Equation (8.2.3)]: 

T{ai)T[a2)T{Pi- ai)T{(32- a2) Jo Jo 

x(l - u)''i-"i-i(l - r)'32-"2-i(l -xu~ yrydudr (2) 

where 91 {(3j) > 91 {aj) > 0, j = 1, 2 and + < 1- Recently, Opps et al. [11] used the Euler's integral representation 
of the Gauss hypergeometric function [[3l|, p. 20, Equation (1.6.6)] 



2^1 



r(c) 



-''-\l-Ty-'>-\l- zrydT (3) 



r(5)r(c-6) Jo 

to reduce the double integral representation ^ into a single integral in term of 2F1, 

r( RR \ r(/3i) /^^ ^."^-l(l-^.)ft-"^^l ^ (a,a2 

^2 cr;ai,a2;/3i,/?2;a;,y) = — — — — -/ 2^^! ^ 

r(Q;i)r(/3i - ai) Jo [l-xuf \ P2 



1 ~ xu 



du (4) 



'Electronic address; | Jmurley @stu 1 . cs . upei. ca] Electronic address: |nsaad@upei.ca| 
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for fH(/?i) > 5H(ai) > 0, and \x\ + \y\ < 1. Using some properties of 2F1, they prove the following theorem [[2q. 
Theorem 1]: 



Theorem 1. For \x\ + \y\ < 1, the Appell hypergeometric function F2 is given by 



F2(a+l;ai,l;/3i,2;x, y) 



where a ^ 0; ai G C; /3i G C\Zq and 



ay 



a, ai 
Pi 



F2{l;ai,l;Pi,2;x,y) 



3^2 



ai + 1,1,1 
/3i + l,2 



1-2/ 



- X 3F2 



a, ai 
/3i 



1-y 



(5) 



ai + 1,1,1 
/3i + 1, 2 



ln(l - y) 



(6) 



where ai G C; /3i G C\Zq . The present work is devoted to compute F2{(t; ai, 1; Pi, 2; x, y) explicitly for different values 
cr, ai,/3i of the function parameters using ([5]) and ([6]). This is mostly done using many of the reduction formulas of 



2F1 and 3F2 hsted in [27| and other sources of special functions ( 



Ciy aone u; 
i, i-i. 



[SjJ, [321), we begun here to tabulate 



reduction and transformation formulas for F2. First, in Tables I and II, we give the corrections to some formulas 
misprinted in the classical monograph by Prudnikov et al. [27|. 



TABLE I: Correction to some formulas for 2F1 reported in the classical work of Prudnikov et al [27I ]. 



a 


a 


P 


2Fi(a,a;P;z) 


5 

5! 


4 


1 


^(16 + 722 + 182^ - z^){l - z)-^ 


4 
5 


1 


14 
5 


^ - ^(1 - .^')[H1 - - 51n(l - X) - V51n i^|.;iV-il|±|l _ 

2(10 + 2V5)^ arctau li^t^ - 2(10 - 2^5)^ arctau IHzlvII^] = 


5 
6 


1 


17 
5 


67^ + 3^(1 - T+f + 1 In TTfrf^ + VSarctan ^] 


1 


7 
2 


9 
2 


-^[15+152+32^- ^^^-y-^] 


1 


b 


b — m 


i)-m-l Y^m-l (-m)fe /, ^\-k-l m< iN-m-l 
b-1 Z^fc=0 (2-6)fc V-L -J (l-f))m ^ > 


n 


l-n 
5! 


l-n 


2-"(l + Vl-^)", (n/1,2) 



TABLE II: Correction to some formulas for zF2 reported in the classical work of Prudnikov et al [27j . 



ai 


0.2 


13 


61 


b2 


3F2(ai,a2,a3;6i,62;2) 


1 
4 


1 


1 


5 
4 


2 


, 1 1 
^[ln(l - 2) +24(lni±^ + 2arctan24)] 



II. SPECIAL VALUES OF THE APPELL HYPERGEOMETRIC FUNCTIONS F2 

In the next, we tabulate the explicit computations of ^2(0'; ai, 1; 2; x, y) for different values of the function param- 
eters cr, ai, and Since the role of ai, x and 02, /32, y in -F2(ct; ai, 012; Pi, P2', x, y) are interchanged, similar tables 
can be obtain for F2{<j; 1, a2', 2, /?2; a:^, ?/)• Even-though the table is given only for a2 = 1 and P2 = 2, the table can be 
used for a wider variety of cases. This can be notice from the following properties. 

1. F2{(J,ai,a2]Pi,P2]x,y) = ^2(0-, a2, ai; ^2, /^i; y, 2:). 

2. F2{(J,ai,a2;Pi,P2]x,y) = (1 - x^ F2{(t, f3i - ai,a2; Pi, P2; jh^) = (1 - x - yy F2{a, Pi - ai, P2 - 

012', Pi, P2, x+y-l ' x+y-1 ) ' 

3. Fi{a;P,p',r,x,y)^[^)^ F2{P + P';a, P' P + P'-x,l - ^) ^ [if F2[P + P';a, P;^,P + P';y,l - I). 
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Further, the analytic expressions presented in the following tables can be useful in many applications of mathematical 
physics includingthe computation of the generalized Hubbell rectangular source integrals, elliptic integrals, and the 
radiation fields ([3, to HI, [H to [H). 



4 



cr 


ai 


0-2 


/3i 


/32 


F2(cr;Q!i,a2;/3i,/32;a;,?/) 


1 

2 


1 

2 


1 


1 

2 


2 




1 
2 


1 

"2 


1 


1 

2 


2 


1 [Vl — a; — sjl — X — y + ■^/^(arcsin-yx — arcsin ^j^)] 


1 
2 


1 
2 


1 
i 


1 

2 


9 


f[(l-.T)-i-(l-y)(l-x-y)-^] 


1 
2 


1 
2 


1 


3 
2 


2 








1 
2 


1 
2 


1 


5 
2 


2 


3 

8a; 1/ 


r^i , o \ /I (A 1 o \ /I (l-4x)arcsinVi-(l-y)(l-y-4x)arcsin Vrr^l 


[(1 + 2a;)Vl - X - (1 - y + 2x)Vl -x-y ^ — 


1 
2 


1 
2 


1 


7 
2 


2 


5 r /(l-4cc+8x^) arcsin ((l-!/)^-4x(l-j/)+8x^) s 


")Vl-a; 


+ (3(1 - yf - 10x{l -y)- Sa;^) ^1 -x-y 


1 
2 


-1 
i 


i 


1 
2 


9 

Z 


l[(l-x)-'-{l-y)i{l-x-y)-'] 


1 
2 


1 


i 


1 

2 


2 


1 [1 - VI - 2/ - \/S(tanh-i V^ - tanh'i ^^)] 


1 
2 


1 


1 


3 
2 


2 


1 r, /.i (l-rr)laiili ^ v'-r- 1 1 -,r - y) I aiili Vl^l 

- 1 — vl ~ V ^ — 




1 
2 


1 


1 


2 


2 


4 
3x1/ 


1 " (1 — x) 2 — (1 — y) 2 + (1 — y — 2 


1 
2 


1 


1 


5 
2 


2 


3 
4x1/ 


r, , /, , N /I (l-x)''tanh ^ v^-(l-x-y)^ tanh ^ i 

1 + X - (1 - y + x)vi -y — -. 




1 
2 


1 


1 


3 


2 


^ [(1 - x)t - (1 - X - y)t - 1 + fx - (1 - 2/)^ (1 - 2/ + fa;)] 


1 
2 


1 


1 


7 

2 


2 


5 |-,^(l-a:)''tanh ^ \^-(l-x-i/)'' tanh "Vl^\ o i 


- 8x + 3x2 


24x^2/ L-^l ^ j "^"T 

+V1 - y(3(i - yf + Ml -y) + 3x2)] 


1 
2 


1 


1 


4 


2 


[8(1 - (1 - x)5 - (1 _ y)i + (1 - y - - 28x(l - (1 - y)i) + 35x2(1 - (1 - 


1 
2 


3 
2 


1 


1 

" 2 


2 


f[(l-x)-t-(l-2/)2(l-x-y)-i] 


1 
2 


3 
2 


1 


1 

2 


2 


2 r l-2x 1-2/-2X I 
y L Vl-x -v/l— y— X J 




1 
2 


3 
2 


1 


5 
2 


2 


3 
4xy 


parcsinVS-(l-y)^ arcsin Vt^^ „ n R , /i r, \ /l 1 


_ ^- — ^ - (1 - 2x)Vl - X + (1 - y - 2x)Vl -x-y\ 


1 
2 


3 
2 


1 


7 

2 


2 


5 

16x^ 


- [(3 - 4x + 4x^)Vl -X- (3(1 - yY - 4x(l - j 

/ (1— 2x) arcsin (1— y— 2x) arcsin . / y^— ^ -i 


/)+4x^jVl-a;-t/ 


3( Vi )J 


1 
2 


9 


1 
i 


1 
2 


9 


|[(l-x)-2-(l-y)l(l-x-y)-2] 


1 
2 


o 
z 


i 


1 
2 


o 
z 


, [^ - -^i!!:?;-^-^ - 3VS(tanh- ^x - tanh- y^)] 


1 
2 


9 


1 
± 


1 
± 


9 


1 r 2-3x 2-2j/-3x-| 




1 
2 


2 


1 


3 
2 


2 


1 ro/1 /I \ , (l-3x)tanh ^ V^-(l-j/-3x) tanh ^ Vt?t; 1 


1 
2 


2 


1 


5 
2 


2 


3 
8x1/ 


|-(l+3x)(l-x)tanh-^V^-(l-y+3x)(l-3/-x)tanh-^ Vt?^ i , o , /i 


y{\-y- 3x)] 


[ ^ l + 3x + Vr^ 


1 
2 


2 


1 


3 


2 


^ [2(1 - (1 - - (2 + 3x)(l - x)i + (2 - 2y + 3x)(l -y- x)i] 




1 

2 


2 


1 


7 

2 


2 


5 

16x^ 


- [3 - 2x + 3x^ - VI - 2/(3(1 - yY - 2x(l - yj + 3x^j 

.(l-x)^(l+x) tanh-1 v^-(l-x-j/)^(l-j/+x)tanh-i Vi^ M 




'^( )J 


1 
2 


2 


1 


4 


2 


-35^ [4(1 - (1 - y)^) - 7x(l - (1 - 2/)t) - (4 + 3x)(l - x)t + (4 - 4y + 3x)(l - y - x)t] 


2 




2 


1 


"2 


2 


|[(l-x)-t-(l-y)3(l-x-y)-t] 


1 
2 


5 
2 


1 
i 


1 

2 


9 

z 


2 r3-12x+8x^ 3(l-i/)^-12x(l-y)+8x^-| 
^J'L (l-!/-x)7 J 


X 

2 


5 
2 


1 


3 
2 


2 


2 r 
31/ L 


3-4x 3-3y-4x 

X Vi^y^x 




1 
2 


5 
2 


1 


7 

2 


2 


5 r3(l-i,)-'-x(l-j/)2-10x2(l-y)+8x=' a.j^.iOx^+Sx^* / arcsin ^ -arcsin v^,-, 
2Ax^y y -jX-x-y Vl-x V \/S /J 


1 
2 


3 


1 


1 
2 


2 


f[(l-x)-3-(l-y)i(l-x-yn 



5 



a 


ai 


Ct2 


01 

^ -L 




i^ofcr: ai , Qfo; Si , /So; a;, 


1 

2 


3 


1 


1 

2 


2 




1 
2 


3 


1 


1 


2 


1 r8-24a;+15x^ 8(l-j/)^-24x(l-y) + 15x^-| 

(i-x)i (i-y-a;)i 


1 
2 


3 


-1 
i 


3 
2 


2 


1 ryT^(l3(l-!/)-15a;) i3_i5:r / (l-3/-5x) tanh"! ,^/CSr_(i_5x) tanh"! y^. -, 
8j( L l-x-y 1-x ' "^V JJ 


1 
2 


3 


1 


2 


2 


1 

23/ 


"4-52; 4-4y-5a:] 

-Vi— x Vi— y— 




1 
2 


3 


1 


5 
2 


2 




1 
2 


3 


1 


7 
2 


2 


5 

642: 


^ [VI - 2/(3(1 - j/)^ + 4x(l - y) - 15,T^j - 3 - 4x + 15,t^ 

((l-!/)''+2x(l-y)+5a;2)(l-2;-y) tanh"! ^J'^-{\+2x+^x'^){\-x)tw\i-^ ^/^,^-| 




1 
2 


3 


1 


4 


2 


35!^ [8(1 - (1 - y)l) - (8 + 12x + 15x2)(l - x)i 
+ (8(1 - y)2 + 12a;(l - y) + 15x2)(l - y - x)^ 


1 
2 


7 
2 


I 


1 
2 


2 


l[{l-x)-i-{l~y)Hl-x-yri] 


1 
2 


7 

2 


1 

J_ 


1 
2 


9 


2_ 
5y 


-5-30a;+402;='-162;3 5(l-y)-'-302;(l-y)^+40x^(l-y)-162;'' l 




(l-x)3 (l-x-y)5 


1 
2 


7 

2 


1 


3 
2 


2 


2 
15y 


ri5-40x+24x^ 15(1-2/)^ -40x(l-j/)+24x^-| 
'■ (l-x)5 (l-x-j/)2 




1 
2 


7 

2 


1 


5 
2 


2 


2_ 


■ 5 — 62; 5 — 5J/-62-" 




2 


4 


1 


"2 


2 




2 


4 


1 


2 


2 


[I05v^(tanh^i - tanh"! V^) - 

1 48-231,T+280.r^-1052:^l 
+ (l-x)^ J 


\A=y(48(l-y)^-231x(l-j/)^+280x^(l-y)-105x^) 


(l-x-j/)3 


1 

2 


4 


1 


1 


2 


1 

8y 


-16-72x+90x^-35x^ 16(l-j/)''-72x(l-y)^ + 902;^(l-y)-35x'' n 




(\-x)h (\-x-y)i J 


1 

2 


4 


1 


3 
2 


2 


1 
48 


.vT^(81(l-a)'-1902;(l-y) + 1052;^) 81-190x+105x^ , 


1 


. {1-y-lx) tanh-^ (l-7a;) tanh^^ V^M 


y L {\-x-yy^ (1-x)^ 




1 
2 


4 


1 


2 


2 


1 
12y 


r24-60x-35x^ 24(l-y)^-60x(l-!/)+35x^l 
(l-x)5 (l-x-i/)5 J 




1 

2 


4 


1 


5 
2 


2 


1 

642; 


rVT^(3(l-y)" + 1002;(l-,/)+105x^) 3+ioOx+105x^ 




y L 1— X— y 1— X 

((l-3/)^+10x(l-3/)-35x^) tanh-^ VT?i'-(l+10x-35x^) t< 




1 
2 


4 


1 


3 


2 


1 

3y 


"6-7x 6(l-y)-7x 
-Vl— X Vi-w— X 




1 
2 


4 


1 


7 

2 


2 


[VI - ?/(3(l - yy + 10,T(1 - y) - 105.T^j - (3 + lO.r - IOS.t^) 

((l-y)'"'+:i,r(l-//|- + l.-,,r-(l-y)-:i.-,,r'"') laiili ' ^ ^ - (i + :',.r + ir,.,-- -:>,r>.r'' ) laiili 'v^n^i 


1 


3 
2 


1 


1 
2 


2 


y L 


^ - 2.i cxyyf' - + 1- (i^)] 


1 


3 
2 


1 


1 
2 


2 


_ 1 

y 




1 


3 
2 


1 


1 


2 




1 


3 
2 


1 


3 
2 


2 


^ (...-.,■...(.-.,--.■)....■.- ^ _ (3 + 6, _ ta„t-. ^ + ^ _ 4,„ (^)] 


1 


3 
"2 


1 


2 


2 




1 


3 

4 


1 


1 

4 


2 


['° (45?) + ((1 - y)-' H',]-"i*'h - ln(f4) + 2( arctan(-^)J - arctan(xi)))] 


1 


2 
3 


1 


1 
3 


2 


-„M2x/3a;i((l j/)-iarctan( ,) arctan(^)) + "(^"^^^r* ln(i7^-^) 
(2 + :ri)ln(l a;) 3a;i((l j/)-i ln(<^''^>*7'* ) ln(l a;^))+21n(l y)\ 
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a 


ai 


0(2 


Pi 


P2 


F2((T:Q;i,a2;/?i,/?2;a;,j/) 


1 


1 

2 


1 


1 
2 


2 


-1 [2(^1^ tanh-i(^^) - VStanh-i(VS)) + In (1^)] 


1 


1 


1 


1 


2 


^LZ-'-T-'-" v/1 .r + lu( )^ 


1 


1 

2 


1 


3 
2 


2 


" 

2/ - 




1 


_1 

2 


1 


2 


2 


2 
32; J/ 


_^ + ^^-y^-^J^-^-y _ (1 + 2:r)^/r^ + 3xln (;7T^-fe^)] 


1 


1 

3 


1 


2 
3 


2 


2V3((1 y)-3 arctan( ^5^^) arctan(^^))l 


1 


2^ 
"4 


1 


Q 
O 

4 


2 


1 

-Hln(i7^-^) y)-lln(ii^i4i4) ln(i±4) '""'"'^Y^^^ + 2arctan(a:^))1 


1 


2 


1 


~2 


2 


y L \1 — a; — y/ ( 1 — a:;)( 1— x— y) J 


1 


2 


1 


1 


2 




1 
± 


1 
2 


1 
1 


3 
2 


9 




1 


1 
2 


1 


2 


2 


_2_ 

xy 


y-Vl-x+V(l-?y)(l-^-2/) + ^ln(;7T=Tfe^)] 


1 


;i. 


1 


_3 


2 


2,T 

:Sy L 


,^ 3 , arcsin arcMiiV^N l-y-ix , l-4;rl In(l-y) 
" ^ (1-r-y)^ a-.,.)i ^ ll-.-y1- O-rP- „ 


1 


1 


1 


_ j_ 

2 


2 


_2£ 

y 


r iy 1 z:;:/^''''^'" arcsin v^^] In(l-y) 

L(i-x)(i-x-y) 1 (i-x-y)i (i-x)i y 


1 


1 


1 


1 
2 


2 




[ arcsin ^ arcsin ln(l— y) 

L vi^^^y ^ y 


1 


1 


1 


3 
2 


2 


2 


— X arcsin ^/x — ^1 — x — y arcsin ^Jj^] " '"^"^^ ^"^ 


1 


1 


1 


2 


2 


J_ 

xy 


{1 — X — y) ln(l — a; — — (1 — y) ln(l — y) — (1 — x) ln(l — x) 


1 


1 


1 


5 
2 


2 


_2_ 

xy 


^((1 - X- y) 5 arcsin y/j^ - (1 - arcsin ^i) + y] - ^^^^y^ 


1 


1 


1 


3 


2 


1 

x'-^y 


(1 x yf\n{^-''-y) (1 .T)2ln(l x) x2ln(l y)] 


1 


1 


1 


4 


2 


1 

2x3 


- [2((1 - .T - yf In (^T^) " " 1^(1 - x) - ln(l - y)) + xy{5x + 2y- 4)] 


1 


3 
2 


1 


1 

"2 


2 


1 r 

yU 


4xj/(x^+j/-l) 1 / l-x N-l 


1 


3 

2 


1 


1 
2 


2 


1 r 


Zrry 1 1 (' 1-x \1 
l-x){l-x-y) ' \l-x-y)i 


1 

X 


3 
2 


1 
1 


1 


9 


Ih 


/ 1-V 1 1 ],jf 1 + \] 
/ 1-x-y v'l-.r V v'i-i/+Vl-a:-y-'-l 


1 


3 
2 


1 


2 


2 


_2_ 

xy 


VI - X - V(l - -x-y)-y + xln{^^^^^X-x-y)] 


1 


3 
2 


1 


5 
2 


2 




1 


2 


1 


J_ 

2 


2 




4{l-y)-x 4-x 1 ^/ (5(l-!/)-2x) arcsin V^ST (5_2x) arcsin , ln(l-3/)] 


(1-x-,)^ ii-xy 1 v^^i ^^_^_^^| ^^_^^| j 1 X J 


1 


•) 


1 


- 


9 


,r r !/ 1 1 / {Ml-y)-2x) arcsin (3-2;r) arcsin ln(l-y)l 




1 


2 


1 


1 


2 


1 r 
yU 


l-x)(l-x-y) ' ^'^(l-x-y)] 


1 


2 


1 


3 
2 


2 


1 


.(l-y-2x) arcsin (l-2x) arcsin /-j 
1/ L ^l — x — y \/l—x ~ V V f /J 


1 


2 


1 


3 


2 


1 

x^y 


[a^^ In (ife) + (1 - y? In (i^^) - ln(l - x) ~ xy] 


1 


3 


1 


4 


2 


1 

2x3 


- [2x{{l - yf - 1) - x^y + 2((1 - y)^ In(i^) - ln(l - x) + 


9 
8 


1 


1 


9 
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13 

6 



In 



(l+x 



(1-x 



1-x 6 +a; 3 



-x-y) arctan - (1 - a;) arctan ^)] 



(l-!/)3-x5 
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1-X4 



(l-x-t;)(l 



-xi)^ /- ((l-y)g+^(x(l-j,))^+x§)(l-^xi+xi) 
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7((i-j/)«-i) ^r(i ^ t/)ln, ^-r\x. (1 a;)ln^^ 
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/ 1 — X — y — — 


Ax' ' J " ] 


3 
2 


2 


1 


1 

"2 


2 


2 r(l-y-5x)(l-y)7 1 
y L (l-x-y)3 (1 


— 5x 
-x)aj 




3 
2 


o 
z 


-1 
i 


1 

2 


Z 


f[(l-y)i(l-x-2/) 
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3 
2 


7 

2 


1 
i 


1 

2 


9 


y L 
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(33(l-y)"^40x(l-j/) + 15x") VT=y 33-40x+15x2 , i ,^ t^nh i yi£="_tanh ^ V^-, 


(l-x-j/)3 (l-x)3 1 J 
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64:x'^y L" y'x 1—x—y 
1 3+4a:-15a:^j 


8 
5 


1 


1 


8 
5 


2 
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III. REPRESENTATIONS OF APPELL HYPERGEOMETRIC FUNCTION F2 
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